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Summary. A Clifford algebra model for Mo¨bius geometry is presented. The
notion of Ribaucour pairs of orthogonal systems in arbitrary dimensions is in-
troduced, and the structure equations for adapted frames are derived. These
equations are discretized and the geometry of the occuring discrete nets and
sphere congruences is discussed in a conformal setting. This way, the notions of
“discrete Ribaucour congruences” and “discrete Ribaucour pairs of orthogonal
systems” are obtained — the latter as a generalization of discrete orthogonal
systems in Euclidean space. The relation of a Cauchy problem for discrete or-
thogonal nets and a permutability theorem for the Ribaucour transformation of
smooth orthogonal systems is discussed.
1. Introduction
Triply orthogonal systems in Euclidean 3-space and Ribaucour sphere congru-
ences in the conformal 3-sphere were intensively studied around the turn of the
century — among others by great geometers like Darboux [8], Bianchi, Guichard
[14] (cf.[22]), and Blaschke [2]. After this first wave of work, a calm period fol-
lowed — until recently, when relations between (n-dimensional) orthogonal sys-
tems and integrable system methods stimulated new interest. The corresponding
equations have been integrated by the ∂¯-method [23] and by the finite-gap in-
tegration theory [21], and the Ribaucour transformation for triply orthogonal
systems have been studied in [13]. In differential geometry, there are relations
with the theory of conformally flat hypersurfaces (cf.[15]) and (the Darboux
transformation) of isothermic surfaces (cf.[16],[19],[3],[17]). Circular nets as a
natural geometrical discretization of triply orthogonal coordinate systems have
been introduced in [4] and generalized for higher dimensions in [7]. Geometric
∗ Partially supported by the Alexander von Humboldt Stiftung and NSF grant DMS93-12087
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and analytic integrability of these nets were investigated in [7], [10] and [20].
Also, discrete Ribaucour sphere congruences have been defined and studied in
[4], [18] and [6].
Both notions, the one of “orthogonal systems” as well as that of “Ribaucour
congruences”, are conformally invariant, i.e. invariant under Mo¨bius transfor-
mations of the ambient space. Nevertheless, in all the papers mentioned above
(besides [15]), orthogonal systems were treated in a Euclidean setting — even
though certain aspects of the theory, e.g. the Ribaucour transformation for or-
thogonal systems, seem to arise more naturally in a conformal setting. Thus, we
hope to make a small contribution in the growing flood of publications in this
field: the purpose of this paper is to introduce a method that allows the treat-
ment of smooth and discrete “Ribaucour pairs of orthogonal nets” in Mo¨bius
geometry1). Moreover, we expect this method not only to be advantageous in
the theory of discrete nets but also for the treatment of global questions in higher
dimensional Mo¨bius geometry (cf.[16]).
First, we give a short introduction to n-dimensional Mo¨bius geometry —
in particular, we introduce a model using the Clifford algebra C of (n + 2)-
dimensional Minkowski space IRn+21 . To obtain geometric interpretations for
certain Clifford algebra elements, we use the fact that the Clifford algebra C ∼= Λ
is isomorphic to the Grassmann algebra as a vector space. On these Mo¨bius
geometric objects, the spin group Spin(IRn+21 ) acts by Mo¨bius transformations.
Then, we discuss (smooth) orthogonal systems and Ribaucour congruences in
this setting. As a generalization, we introduce the notion of “Ribaucour pairs of
orthogonal systems” and derive the structure equations for “adapted frames”.
These frame equations can easily be discretized: analyzing the occuring dis-
crete nets and “discrete sphere congruences”, we obtain definitions and charac-
terizations for “discrete Ribaucour congruences” and “discrete Ribaucour pairs
of orthogonal nets”. The latter generalizes the notion of discrete orthogonal
nets in Euclidean space (cf.[4],[7],[20]). The occurence of certain (Ba¨cklund,
Darboux, Ribaucour) transformations is crucial in the relation of differential
geometry and integrable system theory (cf.[5]). In the last part, we discuss
the relation of a Cauchy problem for (Ribaucour pairs of) discrete orthogonal
systems (cf.[7],[9]) and a general version of the permutability theorem for the
Ribaucour transformation of (smooth) orthogonal systems (cf.[8],[13]). In fact,
this permutability theorem shows how discrete orthogonal nets can be obtained
by repeatedly applying Ribaucour transformations to a given orthogonal system.
2. Mo¨bius geometry and Clifford algebra
In this section we will give a sketchy introduction to Mo¨bius geometry — espe-
cially, we intend to elaborate the Clifford algebra model for Mo¨bius geometry
and to relate it to the classical models. Classically, the conformally compacti-
fied Euclidean space IRn∪{p∞} is considered the underlying space for the group
1) In particular, we also obtain a geometrical interpretation of the spinor Lax-representation [3]
for isothermic surfaces.
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of Mo¨bius transformations [2] — those transformations that map spheres (and
planes — that are considered as spheres containing the point p∞ at infinity) to
spheres. It can be shown that the Mo¨bius group is generated by inversions
p 7→ m+ r2|p−m|2 (p−m)
at spheres (here, m is the center and r the radius of a sphere) and reflections
at planes. Via stereographic projection, IRn ∪ {p∞} can be identified with the
n-sphere Sn which is then embedded as an absolute quadric in IRPn+1. This
allows to consider Mo¨bius geometry as a subgeometry of projective geometry —
thus, to linearize the Mo¨bius group: any Mo¨bius transformation of Sn extends
to a projective transformation of IRPn+1 that fixes the absolute quadric Sn. For
example, an inversion extends to a polar reflection of IRPn+1. In this model,
hyperspheres s ⊂ Sn are given as intersections of projective hyperplanes with
Sn ⊂ IRPn+1. This way, they can be identified with points in the “outer space2)”
(IRP n+1)o of S
n via polarity — a sphere s ⊂ Sn is identified with the center of
the cone that touches Sn in s.
On the space of homogeneous coordinates of IRPn+1 there is a Lorentz scalar
product — unique up to scaling — such that its isotropic lines are exactly the
points of Sn: light cone vectors and unit vectors,
p ∈ Ln+1 := {v ∈ IRn+21 | 〈v, v〉 = 0}
s ∈ Sn+11 := {v ∈ IRn+21 | 〈v, v〉 = 1},
represent points and hyperspheres in Sn, respectively (cf.[2]). Incidence of a
point and a hypersphere — polarity in IRPn+1 — is encoded as orthogonality:
p ∈ s if and only if 〈p, s〉 = 0. And, a polar reflection in IRPn+1, an inversion
in Sn, is represented by an ordinary orthogonal reflection p 7→ ±(p − 2〈p, s〉s).
In this model, the metric subgeometries — in particular Euclidean geometry
— of Mo¨bius geometry are easily described: if nk ∈ IRn+21 is a vector with
k = −〈nk, nk〉, then the quadric Qk := {p ∈ Ln+1 | 〈p, nk〉 = 1} has constant
sectional curvature k; the stereographic projection Sn → IRn becomes the central
projection Q1 → Q0 along the light cone generators.
Embedding the Minkowski space IRn+21 into its Clifford algebra C addition-
ally provides a useful algebraic structure. As generators of C, we consider a
pseudo orthogonal basis (e0, e1, . . . , en, e∞) of IR
n+2
1 :
−e2i = e0e∞ + e∞e0 = 1
e20 = e
2
∞ = eiej + ejei = 0
for 1 ≤ i 6= j ≤ n. Thus, the group Spin(IRn+21 ) = {Π2mj=1sj | sj ∈ Sn+11 } acts
as a double cover of the isometry group SO1(n + 2) on IR
n+2
1 via p 7→ Φ−1pΦ:
any orientation preserving Mo¨bius transformation is represented as an (even)
composition of inversions at spheres,
p 7→ ±sps, s ∈ Sn+11 .
2) The “inner space” of Sn ⊂ IRPn+1 can be defined as the set of those points not lying on any
(real) tangent line of S3, the outer space is its complement in IRPn+1 \ Sn.
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For our considerations, it will turn out crucial that the spin group and its Lie
algebra spin(IRn+21 ) = Λ
2 are both described as subspaces of the same space
C ∼= Λ = ⊕n+2i=0 Λi — here, we identify the Clifford algebra C with the Grassmann
algebra over IRn+21 as vector spaces. As the spin group acts on Λ
1 via adjoint
action, the Lie algebra acts on Λ1 via the adjoint representation, [v, φ] = vφ−φv
for v ∈ Λ1 and φ ∈ Λ2. In particular, for 0 ≤ i, j, k ≤ ∞, i 6= j,
[ek, eiej ] = 2(〈ej, ek〉ei − 〈ei, ek〉ej). (1)
The grading C ∼= Λ = ⊕n+2i=0 Λi of the Grassmann algebra provides geo-
metric interpretations for elements of the Clifford algebra: clearly, points and
hyperspheres in the conformal n-sphere Sn are represented by vectors p, s ∈ Λ1
with p2 = 0 and s2 = −1, respectively. And, as an m-dimensional sphere
s in Sn can be described as the intersection of n − m (orthogonal) hyper-
spheres s1, . . . , sn−m ∈ Sn+11 ⊂ Λ1, we can identify it with the spacelike plane
span{s1, . . . , sn−m} ⊂ IRn+21 , i.e.
s = s1 ∧ . . . ∧ sn−m ∈ Λn−m with |s|2 := det(〈si, sj〉) > 0.
Thus, pure3) spacelike (n−m)-vectors s ∈ Λn−m representm-spheres. Choosing
ε := (e0 − e∞) ∧ e1 ∧ . . . ∧ en ∧ (e0 + e∞) ∈ Λn+2, the linear isomorphism4)
Λn−m ∋ v 7→ εv ∈ Λm+2
maps pure (n −m)-vectors to pure (m + 2)-vectors — reversing the signature
since |εv|2 = |ε|2|v|2 = −|v|2. Consequently, pure timelike (m + 2)-vectors can
be interpreted as m-spheres, too. In particular,
Lemma. m+2 points pi ∈ Ln+1, 1 ≤ i ≤ m+2, in general position determine
a unique m-sphere s containing all points, pi ∈ s,
s = p1 ∧ . . . ∧ pm+2 ∈ Λm+2 ∼= Λn−m,
and the m+ 2 points lie on a (m− 1)-sphere if and only if p1 ∧ . . . ∧ pm+2 = 0.
In case four points p1, . . . , p4 ∈ Λ1 are not concircular, the Λ4-part of the quan-
tity p1p2p3p4 + p4p3p2p1 determines a unique 2-sphere that contains the four
points. Considering this 2-sphere as a Riemann sphere, we can determine the
(complex) cross ratio of the four points:
Lemma. Given four points p1, . . . , p4 ∈ Λ1, p2i = 0, in the conformal n-sphere
their cross ratio is given by the quantity5)
r = r0 + r4 =
p1p2p3p4+p4p3p2p1
(p1p4+p4p1)(p2p3+p3p2)
∈ Λ0 ⊕ Λ4 : (2)
3) Pure 2-vectors can be detected by the fact that s = s1 ∧ s2 for s ∈ Λ2 if and only if s ∧ s = 0,
or s2 ∈ IR. We use this fact in the table below. Note that for pairwise orthogonal s1, . . . , sk ∈ Λ1,
the exterior product coincides with the Clifford product, and (Πki=1si)
2 = (−1) k(k−1)2 Πki=1s2i .
4) On non isotropic pure (n−m)-vectors, this is Hodge duality, up to sign.
5) Note, that r does not depend on the choice of representative for the points pi.
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up to complex conjugation, r0+ i|r4| is the complex cross ratio of the four points
on that sphere as a Riemann sphere — since r0 + i|r4| is clearly invariant under
Mo¨bius transformations pi 7→ Φ−1piΦ it suffices to check the formula using the
identification /C ∋ z = x + iy ∼= |z|2e0 + xe1 + ye2 + e∞ ∈ Ln+1, which is a
straightforward calculation. Moreover,
Corollary. Four points p1, . . . , p4 ∈ Ln+1 in the conformal n-sphere are con-
circular if and only if their cross ratio (2) is real i.e. r4 = 0.
For reference, we have summarized the essentials of the previous discussions in
Table 1 where, for simplicity of notation, we restrict to the case n = 3.
3. Ribaucour pairs of orthogonal systems
In this section, we are going to discuss briefly the geometry of smooth orthogonal
systems and Ribaucour congruences (cf.[22],[15]) — in particular, we will derive
suitable frame equations. Later, we will use discretizations of these frame equa-
tions to obtain definitions for discrete analogs of smooth orthogonal systems and
Ribaucour congruences — and, more general, of Ribaucour pairs of orthogonal
systems.
Definition (orthogonal system). A system of n 1-parameter families of hy-
persurfaces in IRn is called an orthogonal system if any two hypersurfaces from
different families intersect orthogonally.
Obviously, the notion of an orthogonal system is invariant under Mo¨bius trans-
formations of the ambient space IRn; or, more general, it is invariant under
conformal changes of the ambient space’s metric. Consequently, we will focus
on conformally invariant properties of orthogonal systems — even though, we
will do some calculations in a Euclidean setting where it seems more convenient.
Parametrizing the n families of orthogonal hypersurfaces one obtains an or-
thogonal coordinate system (t1, . . . , tn) : V ⊂ IRn → IRn resp. a parametrization
f : U ⊂ IRn → IRn ⊂ Ln+1 with ∂∂ti f ⊥ ∂∂tj f for any pair 1 ≤ i 6= j ≤ n.
Thus, given an orthogonal system f , we can introduce an adapted framing
Φ : U → Spin(IRn+21 ) with
f = Φ−1e0Φ
∂
∂ti
f =: fi = li · Φ−1eiΦ, 1 ≤ i ≤ n (3)
where (e0, e1, . . . , en, e∞) denotes any pseudo orthonormal basis of IR
n+2
1 with
IRn ∼= {y ∈ Ln+1 | ye∞ + e∞y = 1} and li : U → IR are Lame´’s functions [22].
In terms of the adapted frame Φ, the fact that f : U → IRn takes values in
Euclidean space is encoded by e∞ = Φ
−1e∞Φ.
In our investigations, a key role will be played by the following
Theorem (Dupin). In an orthogonal system in IRn, the intersection of n− 1
hypersurfaces from different families is a curvature line for any of the intersect-
ing hypersurfaces.
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Table. 1. Mo¨bius geometry in different models
IR3 ∼= ImIH S3 ⊂ IRP 4 L4 ⊂ IR51 C ∼= Λ = ⊕5i=0Λi
point:
p ∈ IR3
point on S3:
p ∈ S3
lightlike vector:
p ∈ L4
nilpotent vector:
p ∈ Λ1, p2 = 0 : L4
sphere:
s ⊂ IR3
point outside S3:
s ∈ (IRP 4)o
unit vector:
s ∈ S41
anti-involutive vector:
s ∈ Λ1, s2 = −1 : S41
plane:
t ⊂ IR3
. . . containing p∞:
t ∈ Tp∞S3
. . .perpendicular to p∞:
t ∈ S41 , 〈t, p∞〉 = 0
. . . anti-symmetric to p∞:
t ∈ S41 , tp∞+p∞t2 = 0
circle:
c ⊂ IR3
line outside S3:
c ⊂ (IRP 4)o
spacelike plane:
c ∈ G+(2, 3) =: C62
anti-involutive bivector:
c ∈ Λ2, c2 = −1 : C62
line:
l ⊂ IR3
. . . containing p∞:
l ⊂ Tp∞S3
. . .perpendicular to p∞:
l ∈ C62 , 〈l, p∞〉 = 0
. . . symmetric to p∞:
l ∈ C62 , lp∞−p∞l2 = 0
incidence:
p ∈ s
polarity:
s ∈ TpS3
orthogonality:
〈p, s〉 = 0
anti-symmetry:
ps+ sp = 0
incidence:
p ∈ c
polarity:
c ⊂ TpS3
orthogonality:
〈p, s〉 = 0
symmetry:
pc− cp = 0
intersection:
s1 ∩⊥ s2
polarity:
s1 ∈ Pol[s2]
orthogonality:
〈s1, s2〉 = 0
anti-symmetry:
s1s2 + s2s1 = 0
. . . angle:
s1 ∩ϕ s2
scalar product:
〈s1, s2〉 = cosϕ
real part:
s1s2+s2s1
2 = cosϕ
intersection:
c ∩⊥ s
polarity:
c ⊂ Pol[s]
orthogonality:
〈s, c〉 = 0
symmetry:
cs− sc = 0
cross ratio:
(p1−p2)
(p2−p3)
(p3−p4)
(p4−p1)
cross ratio (lij = 〈pi, pj〉):
l12l34+l14l23−l13l24+
√
|(lij)|
2l14l23
cross ratio:
p1p2p3p4+p4p3p2p1
(p1p4+p4p1)(p2p3+p3p2)
inversion:
p 7→ m− r2p−m
polar reflection
. . .
reflection:
p 7→ ±(p− 2〈p, s〉s)
reflection:
p 7→ ±sps
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Consequently, restricting a parametrization f : U → IRn of an orthogonal sys-
tem to any of the (coordinate) hypersurfaces ti = const provides a curvature
line parametrization of the hypersurface6). Moreover, an adapted framing (3)
restricts to a principal framing of any of the hypersurfaces of an orthogonal sys-
tem: ni := Φ
−1eiΦ yields a unit normal field for the hypersurface ti = const
and the remaining directions Φ−1ejΦ are its principal directions with curvatures
κij = − 1lilj ∂∂ti lj , i.e [ei,ΦjΦ−1] = −κijljej where Φj := ∂∂tjΦ. Thus (cf.(1)),
Φj = lj(e∞ +
1
2
∑n
i=1 κijei)ej · Φ . (4)
In terms of a parametrization f : U → Ln+1 of an orthogonal system, a con-
formal change of the ambient space’s metric can be modeled by a “conformal
deformation” f 7→ euf . For an adapted frame (3), this has the effect that the
second point of intersection of the spheres Φ−1ejΦ is generally not constant any
more, i.e. that these spheres cannot be interpreted as planes in a Euclidean space
any longer: [e∞,ΦjΦ
−1] = 12 lj
∑n
i=1 σijei with the (symmetric) Schouten tensor
(σij) of the induced metric
∑n
i=1 l
2
i dti. Now,
Φj = lj [(e∞ +
1
2
∑n
i=1 γijei)ej + e0(
1
2
∑n
i=1 σijei)] · Φ . (5)
The other key concept we are going to examine is the one of a
Definition (Ribaucour congruence). A hypersurface is said to envelope a
sphere congruence (an (n − 1)-parameter family of spheres) if, at every point,
the hypersurface has first order contact with a sphere of the congruence, and
a sphere congruence is said to be Ribaucour if the curvature lines on its two
envelopes do correspond.
A more technical description for the envelopes of a sphere congruence and for
Ribaucour congruences will prove useful (cf.[2],[15]):
Lemma. f : Mn−1 → Ln+1 envelopes a sphere congruence s : Mn−1 → Sn+11
if and only if 〈s, f〉 = 0 and 〈ds, f〉 = 0
Thus, the two envelopes f, fˆ : Mn−1 → Ln+1 of a (regular) sphere congruence
s : Mn−1 → Sn+11 can be interpreted as its two isotropic normal fields — that
are uniquely determined up to rescalings. And, since the principal curvature
directions of the two envelopes coincide with the principal directions of s with
respect to f and fˆ , respectively, as normal fields,
Lemma. s :Mn−1 → Sn+11 is a Ribaucour congruence if and only if its normal
bundle is flat, i.e. if d〈df, fˆ 〉 = 0 for its two envelopes f, fˆ :Mn−1 → Ln+1.
Consequently, the two isotropic normal fields of a Ribaucour congruence — its
envelopes — can be normalized to be parallel sections of the normal bundle. If
we additionally assume the existence of principal curvature line coordinates we
6) Note, that higher dimensional hypersurfaces usually do not carry curvature line coordinates.
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obtain two orthogonal systems of codimension 1 in the conformal n-sphere, with
∂
∂ti
f// ∂∂ti fˆ//
∂
∂ti
s. Thus, an adapted frame Φ : U ⊂ IRn−1 → Spin(IRn+21 ),
Φ−1e0Φ = f, Φ
−1enΦ = s, Φ
−1e∞Φ = fˆ ,
and Φ−1eiΦ//
∂
∂ti
f, 1 ≤ i ≤ n− 1, (6)
can be introduced. Again, Dupin’s theorem holds, i.e. [ei,ΦjΦ
−1] ∧ ej = 0 for
0 ≤ i ≤ ∞ and 1 ≤ j ≤ n− 1, j 6= i: and consequently, we find
Φj = (lje∞ +
1
2
∑n−1
i=1 γijei +
1
2ajen + lˆje0)ej · Φ (7)
with suitable functions lj , lˆj , aj , γij : U → IR, γjj = 0. A rather remarkable
property of such a “Ribaucour pair of orthogonal systems” motivates a definition
in case of arbitrary codimension: any two corresponding subnets ti = const of f
and fˆ do not only envelope the sphere congruence s but also si := Φ
−1eiΦ since
si ⊥ ∂∂tj f, ∂∂tj fˆ for j 6= i — and hence, both subnets envelope the congruence
s · si : U → Λ2 of (n − 2)-spheres. Moreover, ∂∂tj s ⊥ si for j 6= i which shows
that both subnets carry well defined curvature lines (independent of the normal
direction) — that, as before, do correspond on both envelopes and are given
by the coordinate directions tj . Clearly, these facts hold true for any pair of
corresponding subnets of any dimension. Thus,
Definition. A map f :Mm → Sn into the conformal n-sphere is said to enve-
lope a congruence of m-spheres s : Mm → Λn−m if, at every point p ∈ Mm, f
has first order contact with the corresponding sphere s(p);
a congruence of m-spheres s : Mm → Λn−m is called Ribaucour if it has two
envelopes with well defined curvature lines that do correspond; and
two nets f, fˆ : U ⊂ IRm → Sn in the conformal n-sphere are said to form a Rib-
aucour pair of orthogonal systems if any corresponding k-dimensional subnets,
1 ≤ k ≤ m, envelope a Ribaucour congruence of k-spheres.
In particular, the coordinate lines in the nets of a Ribaucour pair of orthogonal
systems intersect pairwise orthogonal since they arise as curvature lines — in
case m = n as curvature lines of lower dimensional subnets. We also explicitely
allow one of the nets, f or fˆ , to degenerate: this way, the classical orthogonal
systems in Euclidean n-space (coupled with the point at infinity) appear as
special cases of Ribaucour pairs of orthogonal systems.
Finally, we want to characterize adapted frames for Ribaucour pairs of or-
thogonal systems: we call Φ : U ⊂ IRm → Spin(IRn+21 ) an adapted frame if
f = Φ−1e0Φ, fˆ = Φ
−1e∞Φ,
and if si := Φ
−1eiΦ are the principal directions of f and fˆ for 1 ≤ i ≤ m and
form a parallel orthonormal basis of {f, fˆ , df(TU)}⊥ for m+ 1 ≤ i ≤ n. Then,
Proposition. Φ : U ⊂ IRm → Spin(IRn+21 ) is an adapted frame for a Ribaucour
pair f, fˆ : U → Ln+1 of orthogonal systems in the conformal n-sphere iff
Φj = (lje∞ +
1
2
∑m
i=1 γijei +
1
2
∑n−m
i=1 aijei + lˆje0)ej · Φ (8)
for 1 ≤ j ≤ m, and suitable functions li, lˆi, γij , aij : U → IR, γii = 0.
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At this point, we are prepared to formulate the discrete frame equations that
we will use to define (algebraically) the discrete analogs for Ribaucour pairs of
orthogonal systems:
4. Discrete orthogonal systems and Ribaucour congruences
The basic idea is to discretize the frame equations we derived in the previous
section, i.e. to discretize the first order Taylor expansion of the adapted frames
Φ : U → Spin(IRn+21 ): for infinitesimal 0 ≃ ε ∈ IR, t ∈ U and the standard
direction vectors tj = (δ1j , . . . , δnj), we have
Φ(t+ εtj) ≃ Φ(t) + Φj(t) · ε = [1 + εΦjΦ−1(t)] · Φ(t).
A discrete analog of this equation can easily be formulated if 1 and ΦjΦ
−1 can
be combined to take values in Spin(IRn+21 ) — since Φ(t + εtj) and Φ(t) lie in
Spin(IRn+21 ) the product Φ(t+ εtj)Φ
−1(t) ≃ [1 + εΦjΦ−1(t)] should, too. Thus,
if [εj1+εj2ΦjΦ
−1(t)] ∈ Spin(IRn+21 ) for some finite numbers εj1, εj2 ∈ IR we can
just use the sructure of [εj1 + εj2ΦjΦ
−1(t)] to define the discrete analogs of the
frame equations.
Having this in mind, an examination of the frame equations (4) for an
adapted frame of an orthogonal system in Euclidean ambient space IRn as well
as (7) for an adapted frame of a Ribaucour congruence in the conformal n-
sphere — or, more general, the frame equations (8) for a Ribaucour pair of
orthogonal systems in the conformal n-sphere — can be discretized following
that approach: here, any combination [1+εΦjΦ
−1] with ε ∈ IR is a pure bivector
— and, consequently, a suitable normalization takes values in Spin(IRn+21 ). The
situation is different in the case of the adapted frame equations (5) for a single
orthogonal system in the conformal n-sphere: in that case, it will be hard to
control whether a combination 1 + εΦjΦ
−1 is a pure bivector, and therefore,
whether a suitable normalization can ever take values in Spin(IRn+21 ).
Thus, we will stick to the case of Ribaucour pairs of orthogonal systems:
here, the structure equations for a discrete frame Φ : Γ ⊂ 6Zm → Spin(IRn+21 )
will be of the form
Φ(t+ tj) = ejsj(t+
1
2 tj) · Φ(t) (9)
with suitable vector functions sj : Γj → Sn+11 — where we use the notation
t + 12 tj for the edges in j-direction of Γ, and Γj for the lattice formed by these
edges. With this ansatz for Φ, we examine the geometry of the two maps
F := Φ−1e0Φ : Γ→ Ln+1
Fˆ := Φ−1e∞Φ : Γ→ Ln+1 (10)
— which will lead us to the definition of discrete Ribaucour pairs of orthogonal
systems: first, we notice that two points F (t) and F (t+ tj) lie symmetric with
respect to the sphere7)
Sj(t+
1
2 tj) := Φ
−1(t)ejΦ(t+ tj) = Φ
−1(t+ tj)ejΦ(t) : (11)
7) Note, that the second equality shows that Sj(t+
1
2 tj) depends symmetrically on the endpoints
t and t+ tj of the edge t+
1
2 tj .
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F (t+ tj) = Sj(t+
1
2 tj)F (t)Sj(t+
1
2 tj) ,
i.e. F (t+ tj) is obtained from F (t) by inversion at the sphere Sj(t+
1
2 tj). Since
the same holds true for the net Fˆ we deduce that any four points F (t), Fˆ (t),
F (t+ tj) and Fˆ (t+ tj) lie on a circle — as a calculation of their cross ratio (2)
DV[Fˆ (t), F (t), F (t+ tj), Fˆ (t+ tj)] = − 1〈e0,sj(t+ 12 tj)〉〈e∞,sj(t+ 12 tj)〉
confirms — and the point pairs (F (t), F (t + tj)) and (Fˆ (t), Fˆ (t + tj)) do not
seperate each other on the circle. Conversely, if two corresponding edges of F and
Fˆ do not both degenerate at the same time, F (t) 6= F (t+tj) or Fˆ (t) 6= Fˆ (t+tj),
then the corresponding sphere Sj(t+
1
2 tj) can be geometrically (i.e. up to sign)
reconstructed from the four points — since they are concircular and do not
seperate. As another simple consequence we find that if one of the maps F or
Fˆ is constant, say Fˆ ≡ e∞, then all the spheres Sj , 1 ≤ j ≤ m, are planes,
i.e. they contain e∞, the “point at infinity”: Sje∞ + e∞Sj = 0. In that case,
F : Γ→ IRn = {y ∈ Ln+1 | e∞y + ye∞ = 1} takes values in Euclidean space.
As in smooth differential geometry, a key tool in understanding the geom-
etry of the nets F (Γ) and Fˆ (Γ) are the integrability conditions
ejsj(t+ ti +
1
2 tj) · eisi(t+ 12 ti) = eisi(t+ tj + 12 ti) · ejsj(t+ 12 tj) (12)
of the structure equations (9). Using these “Maurer-Cartan equations”, it is a
straightforward calculation to obtain the cross ratio (2) of an elementary quadri-
lateral with vertices F (t), F (t+ ti), F (t+ ti + tj) and F (t+ tj)
DV[F (t), F (t + ti), F (t+ ti + tj), F (t+ tj)] = − 〈e0,si(t+
1
2 ti)〉〈e0,si(t+tj+
1
2 ti)〉
〈e0,sj(t+
1
2 tj)〉〈e0,sj(t+ti+
1
2 tj)〉
.
Since the cross ratio of four points is real if and only if the four points lie on a
circle we find that not only corresponding point pairs of F and Fˆ are concircular:
Lemma. The vertices of any elementary quadrilateral of the net F , or Fˆ , as
well as the endpoints of corresponding edges of F and Fˆ are concircular.
Together with the investigations in [6] or [19] and Dupin’s theorem, this might
motivate the following
Corollary and Definition. The two nets F, Fˆ : Γm → Sn in the conformal
n-sphere are discrete curvature line nets, i.e. the vertices of any elementary
quadrilateral (2-cell) have real cross ratio.
The above lemma directly generalizes to higher dimension: for example, we may
consider corresponding elementary quadrilaterals (2-cells) of the nets F and Fˆ .
Then, by the lemma, the vertices of the elementary quadrilateral of F lie on a
circle, as well as the two endpoints of an edge and their corresponding points of
the net Fˆ do. These two circles are contained in a 2-sphere. Now, taking another
pair of edges that shares one pair of endpoints with the former pair of edges,
another circle is obtained. Since three of the points on this circle already lie on
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the 2-sphere, the whole circle does. Consequently, by symmetry, all the vertices
of the elementary 2-cell of Fˆ also lie on that 2-sphere. A similar argument
shows that the vertices of an elementary 3-cell of one of the nets, F or Fˆ , lie on
a 2-sphere — and, finally, the same arguments also prove similar statements for
higher dimensional elementary cells. Thus, as a generalization of the previous
lemma, we obtain the following
Lemma. The vertices of any elementary k-cell of the net F , or Fˆ , lie on a
(k − 1)-sphere, and the vertices of any corresponding k-cells of F and Fˆ lie on
a k-sphere, for 1 ≤ k ≤ m.
This lemma motivates the definition of a discrete Ribaucour congruence and its
envelopes (cf. [15], [18]), and of a discrete Ribaucour pair of orthogonal systems:
Corollary and Definition. The two nets F, Fˆ : Γm → Sn in the conformal
n-sphere envelope a discrete Ribaucour sphere congruence8)
S = Φ−1e0 ∧ s1 ∧ . . . ∧ sm ∧ e∞Φ : Γ∗ → Λm+2 ∼= Λn−m, (13)
i.e. all corresponding elementary m-cells of the two nets F and Fˆ lie on m-
spheres S(t+ 12 (1, . . . , 1)).
Moreover, the nets form a Ribaucour pair of orthogonal nets, i.e. all correspond-
ing elementary k-cells, 1 ≤ k ≤ m, lie on k-spheres and the points of corre-
sponding 1-cells (edges) do not seperate on the circles they lie on.
A discrete map S : Γ∗ → Λn−m into the space of m-spheres in the conformal
n-sphere generally has no envelopes: for the notion of “envelopes” to make
sense one has to require the spheres S(t+ 12 (ε1, . . . , εm)), t ∈ Γ and εj ∈ {±1},
of each elementary m-cell in Γ∗ to intersect in a point pair. In that case, it
makes sense to speak of a “discrete sphere congruence”. Note, that for the
notion of a “discrete Ribaucour sphere congruence” we assume the existence
of two enveloping discrete curvature line nets. Thus, the two envelopes can
be reconstructed from a discrete Ribaucour congruence: since we additionally
know that the endpoints of corresponding edges of the two envelopes should not
seperate on the circles they lie on (cf.(11)) there is a unique ordering on the
pairs of corresponding points.
From the previous lemma, it also becomes clear that — analogous to the
smooth case — any corresponding subnets of a discrete Ribaucour pair of or-
thogonal nets form themselves a discrete Ribaucour pair.
With the equations (11), the frame Φ can as well be “integrated” from
the spheres Sj , 1 ≤ j ≤ m — and, since the spheres Sj can be (up to sign)
constructed from the nets F and Fˆ ,
Theorem. All three, the discrete frame Φ : Γ→ Spin(IRn+21 ) satisfying (9), the
corresponding discrete Ribaucour pair of orthogonal nets F, Fˆ : Γ → Ln+1, and
the system of element spheres Sj : Γj → Sn+11 (1 ≤ j ≤ m) can be constructed
from one of them. If m < n, they can also be reconstructed from the discrete
Ribaucour congruence S : Γ∗ → Λn−m of m-spheres enveloped by F and Fˆ .
8) Note, that the spheres S only depend on the elementary m-cells of Γm, i.e. the domain of S is
the dual lattice Γ∗ of Γ.
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In these constructions, the frame is only determined up to a pointwise sign
change. In terms of the element spheres Sj , such sign changes are reflected by
a sign ambiguity, too. However, the spheres Sj have to satisfy a integrability
condition that is equivalent to the Maurer-Cartan equations (12) and which
restricts this sign ambiguity for the Sj :
Lemma (Maurer-Cartan equations). Given maps Sj : Γj → Sn+11 there
exists a frame Φ : Γ→ Spin(IRn+21 ) satisfying (11) for 1 ≤ j ≤ m if and only if
0 = Si(t+
1
2 ti)Sj(t+ ti +
1
2 tj) + Sj(t+
1
2 tj)Si(t+ tj +
1
2 ti) . (14)
It follows that any four spheres Si(t +
1
2 ti), Sj(t +
1
2 tj), Sj(t + ti +
1
2 tj) and
Si(t + tj +
1
2 ti) intersect in a common (n − 2)-sphere. Thus, interpreted as
points in projective (n + 1)-space (cf. Table 1), the four spheres are collinear.
Again, this picture can be directly generalized to higher dimensions:
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Fig. 1. Images of elementary 3- and 4-cells of F in IRPn+1
for k ≥ 2, any two elementary k-cells that belong to an elementary (k + 1)-cell
share an elementary (k − 1)-cell. Thus, assuming that all spheres belonging to
an elementary k-cell are contained in a (k − 1)-plane of IRPn+1, it follows by
induction that
Lemma. All spheres belonging to an elementary (k+1)-cell, 1 ≤ k ≤ m− 1, of
the net F , or Fˆ , are contained in a k-dimensional plane in IRP n+1.
This lemma provides a method to reconstruct an elementary m-cell of the net
F , or Fˆ , from one point and all spheres Sj belonging to those k-cells, k ≥ 2, that
contain the initial point — or, from these k-cells themselves9) (cf. Fig. 1): since
9) As mentioned above, a sphere Sj belonging to corresponding edges of F and Fˆ can generically
be reconstructed from the four points. However, if only points of one of the nets, F or Fˆ , are given
the spheres cannot be uniquely reconstructed — but, for example, choosing them to be planes in a
Euclidean space (i.e. Fˆ ≡ e∞) resolves this ambiguity.
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at least (m−1) spheres belonging to any elementary (m−1)-cell are known, the
corresponding (m − 2)-planes in IRPn+1 can be constructed. Intersecting these
(m− 2)-planes yields some of the missing spheres — which can now be used to
construct all (m−3)-planes corresponding to the (m−2)-cells. This construction
can be continued until all spheres are constructed as the intersection of the lines
corresponding to 2-cells. The missing points of the m-cell can then be obtained
by reflecting known points at the constructed spheres.
This construction scheme provides a method to solve the following (cf.[7])
Theorem (Cauchy problem). Knowing the k-dimensional subnets of an m-
dimensional discrete curvature line net F , k ≥ 2, that pass through a point in
all (mk ) different directions, or k-dimensional subnets of discrete curvature line
nets F and Fˆ , that pairwise envelope discrete Ribaucour k-sphere congruences,
the net F , resp. both nets F and Fˆ , can be reconstructed.
This theorem can as well be proved directly on the level of the points of an
elementary m-cell — in the case m = 3 of lowest dimension, it can be reduced
to Miguel’s theorem [1] (cf.[9],[20]):
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t+t2+F )3tt +1t+ t( F )3
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(t+t 2t+1
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F
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)3t+F
t+t(
1
1t+tF
t+t(
)
Fig. 2. Miguel’s theorem
since the vertices of an elementary 3-cell lie on a 2-sphere an inversion that
maps the common point F (t) of all known 2-cells to infinity leaves us with
a 2-dimensional picture (Fig. 2, left). By Miguel’s theorem the three circles
intersect in a point — the image of the unknown point of the elementary 3-cell.
A similar procedure works in higher dimensions: mapping the initial point of an
elementary (k + 1)-cell to infinity, we are left with a k-simplex in Euclidean k-
space. Focussing on one of the (k− 1)-spheres (corresponding to the elementary
k-cells) that contain the vertices of the simplex, the problem can be reduced by
one dimension (cf. Fig. 2, right). Thus, the assumption follows by induction.
Another relation (besides relations through analogy) between the smooth
and the analogous discrete theory of (Ribaucour pairs of) orthogonal nets may
be established through a
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5. Permutability theorem
for the Ribaucour transformation — an orthogonal system fˆ : U ⊂ IRm → Sn
(or, a submanifold with well defined curvature lines, i.e. with flat normal bundle)
is called “Ribaucour transformation” of a given orthogonal system f : U → Sn in
the conformal n-sphere if they form a Ribaucour pair. “2-dimensional versions”
of this permutability theorem were known classically (cf.eg.[11]):
Theorem. Given two Ribaucour transforms f1, f2 : U → S3 of a 2- or 3-
dimensional orthogonal system f : U → S3 in the conformal 3-sphere, there is a
1-parameter family of orthogonal systems f12 = f21 : U → S3 that are Ribaucour
transforms of both, f1 as well as f2. Corresponding points of the four orthogonal
systems are concircular.
Thus, a 2-dimensional discrete curvature line net F : 6Z2 → S3 can be obtained
by repeatedly applying this permutability theorem10) (cf.[20]): the images of one
point in the original system will form a discrete orthogonal (curvature line) net
in S3. A “3-dimensional version” of this fact has recently been formulated [13]:
Theorem. Given three Ribaucour transforms f1, f2, f3 : U → S3 of a triply
orthogonal system f : U → S3 as well as three systems f12, f23, f31 : U → S3
such that each fij is a Ribaucour transform of fi and fj at the same time, there
is a unique triply orthogonal system f123 : U → S3 that is a Ribaucour transform
of all three, f12, f23 and f31.
Clearly, this triply orthogonal system f123 can be constructed as in the solution
of the Cauchy problem, earlier. In fact, starting with three discrete curvature line
nets, constructed according to the “2-dimensional version” of the permutability
theorem as described before, the solution of the Cauchy problem provides a
discrete triply orthogonal system in the conformal 3-sphere. Following this chain
of thought, the Cauchy problem for discrete orthogonal nets appears as a discrete
analog of a general permutability theorem for the Ribaucour transformation
of smooth orthogonal systems — or, the permutability theorem appears as a
smooth limit of the Cauchy problem:
Property11). Let 1 ≤ i ≤ k and let ft : U ⊂ IRm → Sn be smooth orthogonal
systems, corresponding to the vertices t ∈ {0, 1}k of the (ki) elementary i-cells
containing 0 ∈ {0, 1}k, such that the orthogonal systems corresponding to the
endpoints of an edge form a Ribaucour pair. Then, all missing smooth orthog-
onal systems ft, t ∈ {0, 1}k in the hypercube, can be — uniquely if i ≥ 2 —
constructed such that any edge corresponds to a Ribaucour pair. Corresponding
points of four orthogonal systems of an elementary 2-cell are concircular.
Considering a smooth orthogonal system f : U ⊂ IRm → IRn as a discrete or-
thogonal net with infinitesimal edge lengthes f(t + εti) − f(t) ≃ 0 with fixed
10) Note, that specializing this procedure to Darboux transforms of isothermic surfaces one obtains
discrete isothermic nets in a similar way (cf.[6],[18]).
11) A rigorous proof seems to be a technicality.
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ε ≃ 0: the missing systems can be constructed by solving the Cauchy problem
for the (m + k)-dimensional12) net F : 6Zm+k → IRn with the given smooth or-
thogonal systems as part of (m+ki ) initial data. This might serve as a plausibility
argument for the general permutability theorem for the Ribaucour transforma-
tion of orthogonal systems.
Acknowledgements. The major part of this paper was prepared in early
1997 when both authors stayed at the center of Geometry, Analysis, Numer-
ics and Graphics, GANG, at Amherst. We would like to thank the members of
GANG and of the mathematics department at the University of Massachusetts
at Amherst for their hospitality and their interest in our work.
References
1. M. Berger: Geometry I ; Springer, Berlin 1987
2. W. Blaschke: Vorlesungen u¨ber Differentialgeometrie III ; Springer, Berlin 1928
3. A. Bobenko, U. Pinkall: Discrete isothermic surfaces; J. reine angew. Math. 475 (1996) 187-208
4. A. Bobenko: Discrete Conformal Nets and Surfaces; GANG Preprint IV.27 (1996), to appear
in P. Clarkson, F. Nijhoff (eds.), Proceedings SIDE II Conference, Canterbury, July 1996,
Cambridge University Press, Cambridge
5. A. Bobenko: Discrete Integrable Systems and Geometry ; SFB 288 Preprint 298 (1997), to ap-
pear in the Proceedings of the International Congress of Mathematical Physics 1997, Brisbane,
July 1997
6. A. Bobenko, U. Pinkall: Discretization of Surfaces and Integrable Systems; SFB 288 Preprint
296 (1997), to appear in A. Bobenko, R. Seiler (eds.), Discrete integrable Geometry and Physics,
Oxford Univ. Press, Oxford 1998
7. J. Cies´lin´ski, A. Doliwa, P. Santini: The integrable Discrete Analogues of Orthogonal coordinate
systems are multidimensional Circular lattices; Phys. Lett. A 235 (1997) 480-488
8. G. Darboux: Lec¸ons sur les syste`mes orthogonaux et les coordonne´es curvilignes; Gauthier-
Villars, Paris 1910
9. A. Doliwa, P. Santini: Geometry of Discrete Curves and Lattices and Integrable Difference equa-
tions; Preprint (1997), to appear in A. Bobenko, R. Seiler (eds.), Discrete integrable Geometry
and Physics, Oxford Univ. Press, Oxford 1998
10. A. Doliwa, S. Manakov, P. Santini: ∂¯-reductions of the multidimensional quadrilateral lattice
I: the multidimensional circular lattice; Preprint Universita` di Roma (1997)
11. L. Eisenhart: Transformations of Surfaces; Chelsea, New York 1962
12. W. Fiechte: Ebene Mo¨biusgeometrie; Manuscript 1979
13. E. Ganzha, S. Tsarev: On superposition of the auto Ba¨cklund transformations for (2 + 1)-
dimensional integrable systems; Preprint (1996) solv-int 9606003
14. C. Guichard: Sur les syste`mes triplement inde´termine´s et sur les syste`mes triple orthogonaux ;
Scientia 25, Gauthier-Villars, Paris 1905
15. U. Hertrich-Jeromin, E. Tjaden, M. Zu¨rcher: Cyclic systems and Guichard’s nets; MSRI
preprint, Zu¨rich 1996
16. U. Hertrich-Jeromin: Supplement on Curved flats in the space of Point pairs and Isothermic
surfaces: A Quaternionic calculus; Doc. Math. J. DMV 2 (1997) 335-350
17. U. Hertrich-Jeromin, F. Pedit: Remarks on the Darboux transform of isothermic surfaces; Doc.
Math. J. DMV 2 (1997) 313-333
12) Here, we may also allow m+ k > n without harm.
16 A.Bobenko, U.Jeromin
18. U. Hertrich-Jeromin, T. Hoffmann, U. Pinkall: A discrete version of the Darboux transforma-
tion for isothermic surfaces; SFB 288 Preprint 239 (1996), to appear in A. Bobenko, R. Seiler
(eds.), Discrete integrable Geometry and Physics, Oxford Univ. Press, Oxford 1998
19. U. Hertrich-Jeromin: The surfaces capable of division into infinitesimal Squares by their Curves
of Curvature; GANG preprint, Amherst 1997
20. B. Konopelchenko, W. Schief: Three-dimensional integrable lattices in Euclidean spaces: Con-
jugacy and Orthogonality ; Preprint (1997), to appear in Proc. Royal Soc. London
21. I. Krichever: Algebraic-geometrical n-orthogonal curvilinear systems and solutions to the asso-
ciativity equations; Preprint (1997)
22. E. Salkowski: Dreifach orthogonale Fla¨chensysteme; in Encyclopaedie der mathematischen
Wissenschaften III.D 9, Teubner, Leipzig 1902
23. V. Zakharov: Description of the n-orthogonal curvilinear coordinate systems and Hamiltonian
integrable systems of hydrodynamic type. Part I: Integration of the Lame´ equations; Preprint
(1996), to appear in Duke Math. J.
